To design a fully continuous wave-front distribution suitable for focused beam shaping by a deformable mirror, we modify the phase-retrieval algorithm by employing a uniformly distributed phase as a starting phase screen and spatial filtering for the near-field phase retrieved during the iteration process. A special phase unwrapping algorithm is not required to obtain a continuous phase distribution from the retrieved phase since the boundary of the 2-phase-jumped region in the designed phase distribution is perfectly closed. From the computational result producing a uniform square beam transformation from a circular defocused beam, this algorithm has provided a fully continuous wave-front distribution with a lower spatial frequency for a deformable mirror. The transformed square beam has a normalized intensity nonuniformity of rms ϭ 0.14 with respect to a desired flat-topped square beam pattern. This beam-shaping method also provides a high energy-concentration rate of more than 98%.
Introduction
Uniform laser-beam irradiation is needed for directly driven inertial-confinement fusion, laser chemistry, and industrial applications such as laser welding, semiconductor processing, and laser microfabrication. Laser fusion, in particular, requires highly symmetric implosion achieved by uniform laser irradiation by use of several or several tens of laser beams. For improving the irradiation uniformity on a fusion target, several beam-smoothing techniques, such as a random phase plates, 1 induced spatial incoherence, 2 smoothing by spectral dispersion, 3 and kinoform phase plates, 4 have been proposed. The random phase plate has a large energy loss of 15% owing to a large diffraction angle, and induced spatial incoherence and smoothing by spectral dispersion have imprint problems in laser fusion owing to instantaneous speckle patterns. The kinoform phase plate with a continuous phase distribution is difficult to fabricate precisely, even if the energy loss can be reduced to 5%.
We previously demonstrated the validity of focused-laser beam shaping by continuous wave-front control using a deformable mirror. 5, 6 The earlier paper 5 presented experimental results of the conversion of a slightly defocused circular beam to a uniform rectangular beam. This result, however, was obtained by successive wave-front control by use of a deformable mirror with measuring of the beam pattern. For more effective beam shaping a design algorithm for an optimized wave-front distribution to be controlled to produce a desired beam profile should be developed. The designed wave-front distribution must be continuous and be composed of a lower spatial frequency, because the spatial frequency controllable by a deformable mirror is limited by the number of actuators.
Conventionally used methods for designing the phase distribution and phase retrieval are based on the Gerchberg-Saxton ͑G-S͒ algorithm. 7 An improved method for computing kinoforms was developed and the errors involved in the computational aspects of kinoform construction were discussed in Ref. 8 . Fienup applied the iterative method to phase coding for spectrum shaping, the reduction of quantization noise in computer-generated holograms, and the reconstruction of space objects from interferometer data. 9,10 A beam-shaping optical system with two holographic elements designed with the modified G-S algorithm was proposed for converting a Gauss-ian profile beam into a uniform beam with rectangular shape. 11, 12 The direct use of these algorithms, however, is impossible for designing the surface shape of a deformable mirror for beam shaping, because the resulting phase distribution is discontinuous and has a higher spatial frequency. For this reason a fully continuous wave-front design algorithm suitable for a deformable mirror has been developed for shaping a quasi-far-field pattern.
In this paper the phase-discontinuity problem generated by a scan route created when the G-S algorithm is used for phase design is investigated in Section 2. Section 3 describes a modified algorithm for designing a fully continuous distributed wave front. In Section 4 the calculated beam-shaping results for the quasi-far field by use of this algorithm is shown, and the performance of this algorithm is evaluated from the viewpoint of convergent speed and energy concentration with respect to the G-S algorithm. Section 5 contains our discussion and conclusions.
Phase-Discontinuity Problem
The G-S algorithm for phase retrieval starts with a randomly distributed phase. By Fourier transformation of the near-field wave function included in this random phase, the intensity distribution at the far field becomes a speckle pattern. A near-field phase distribution retrieved by application of the inverse Fourier transformation from the speckle modulus is discontinuous and has a high spatial frequency, such as a random phase. This tendency persists during iteration of the algorithm if a special treatment is not applied during the retrieval process. Figure 1 shows a retrieved phase distribution for transformation of a diffractive circular defocused beam to a uniform square beam by the G-S algorithm started with a randomly distributed phase. Filtering of a higher-order spatial frequency was implemented for each retrieved phase distribution, which is the same as the process implemented in our modified algorithm, as is explained in Section 3. The gray scale indicates the phase variation from Ϫ ͑black͒ to ϩ ͑white͒. The interface between black and white means a 2 jump of phase, which occurs owing to the arctangent operation for obtaining a phase from a complex modulus that results from Fourier transformation. The phase difference between two points P and Q changes according to whether path A or B, as designated in Fig. 1 , is followed. Path A or B was selected by means of passing or not passing, respectively, a 2 jump of phase. There is no uniquely defined phase that can be unwrapped. This can happen when the magnitude of the wave front goes through a zero. Therefore a phase unwrapping algorithm cannot be used to unwrap this phase.
Wave-Front Design Algorithm
For solving the problem mentioned in Section 2 the G-S algorithm was modified. The basis of our algorithm is the same as the G-S algorithm with respect to the use of the iterative Fourier transform. Two concepts were added to the G-S algorithm to design a fully continuous wave-front distribution with a lower spatial frequency. The first is to start with a uniform phase distribution, not with a random phase. The second is to apply spatial-frequency filtering of a phase distribution retrieved in each iteration. The initial phase distribution given in the algorithm should be uniform to prevent a retrieved phase from being distributed randomly as a result of a speckle pattern. We also applied spatial-frequency filtering to the design of a wave-front distribution achievable with a deformable mirror. Both concepts are required for a fully continuous wave front with a lowerorder spatial frequency.
A schematic diagram of the algorithm is shown in Fig. 2 . The algorithm consists of the following five steps: ͑1͒ Fourier transformation of the near-field complex wave function given by the near-field amplitude and a uniformly distributed initial phase; ͑2͒ generation of the far-field complex wave function by the replacement of the transformed modulus with the desired modulus, preserving the modulated phase unchanged; ͑3͒ inverse Fourier transformation of the far-field complex wave function; ͑4͒ spatial-frequency filtering of the retrieved phase distribution; and ͑5͒ generation of a new near-field complex wave function by the replacement of the transformed modulus with the near-field amplitude and the spatially filtered phase. Processes ͑1͒-͑5͒ are iterated until the rms error drops below an acceptable level.
An additional lens phase lens ͑x, y͒ in step ͑1͒ for calculating a defocused pattern is determined by the size of the beam to be shaped and is given by lens ͑x, y͒ ϭ Ϫk where k is the wave number defined by 2͞ and f a is the focal length of the additional lens. If lens ͑x, y͒ Ͻ 0, the calculated pattern is out of focus, and if lens ͑x, y͒ Ͼ 0, the calculated pattern is in focus. If lens ͑x, y͒ is zero, this algorithm becomes the calculation for beam shaping at the far field. In the case when lens ͑x, y͒ is not zero, a defocused distance should be satisfied with the paraxial approximation for the use of the Fourier transformation. If a spot size D spot is given, the focal length of the additional lens f a is simply calculated by
which is provided by use of the ray-transfer matrix method and where f m and D beam are the focal length of the main focusing lens and the incident beam diameter, respectively. Using the ray-transfer matrix for a two-lens system allows the defocused distance D to be calculated by
where d is the distance between the additionally inserted lens and the main focusing lens. The retrieved phase distribution after step ͑3͒ is the discontinuous phase distribution with a higher
͞2f m . The cutoff frequency should be determined by the number of actuators and the maximum deformation of the deformable mirror. Applying spatial filtering to each iteration is useful for preventing convergence into the discontinuous phase distribution caused by speckle patterns.
Beam Shaping by the Designed Wave Front

A. Parameters
We have numerically tested the modified algorithm by designing a wave-front distribution for beam shaping in a quasi-far field ͑slightly defocused plane from the far field͒. To reduce the calculation time, we carried out the Fourier transformation by use of the fast Fourier transformation algorithm on a 128 ϫ 128 grid. Figure 3 shows a schematic of numerical defocused beam shaping. We assumed that the initial near-field amplitude was uniformly distributed. The input beam diameter was 320 mm, which is the beam size of a Gekko XII fusion laser system. The input beam is focused at 1 m from a focusing lens. The focal length of the additional lens was Ϫ1928 m ͓from Eq. ͑2͔͒. The defocused distance from the focus was 0.5 mm for d ϭ 0 ͓from Eq. ͑3͔͒. The cutoff spatial frequency s was 0.047 lines͞mm, calculated from the equation described in Section 3. This value is determined from the circular-aperture diameter in the Fourier domain of 100 m, the wavelength 1.053 m, and the focal length 10 3 mm. The calculated spatial resolution at the near field and the focal plane was 3.1 mm and 2.6 m for the wavelength and the focal length, respectively. The defocused beam size to be shaped was fitted within half of the far-field window to prevent aliasing in the far field. 
B. Simple Phase Unwrapping Algorithm
A simulation was implemented to transform a defocused circular beam of 166 m in diameter into a uniform square beam of 166 m ϫ 166 m. To defocus from the far field, it was necessary to add the lens phase term lens ͑x, y͒ to the phase term of the input complex wave function. Figure 4͑a͒ shows the retrieved phase distribution with a range of Ϫ ͑Ϫ0.5͒ to ϩ ͑ϩ0.5͒. This result was obtained after 429 iterations with the lowest rms error. Because the 2 phase jump occurs within a perfectly closed boundary, phase unwrapping can be implemented simply by the investigation of a jumped portion and the addition of 2 ͑jump from ϩ to Ϫ͒ or Ϫ2 ͑jump from Ϫ to ϩ͒. The vector composed of the position where the phase jump occurs, J i , must first be constructed by
where P i is ith phase value of the retrieved phase distribution and i is the one-dimensional index of the mesh. The phase vector for calibrating the phase jump C i is given by
Finally, the unwrapped phase U i is obtained by
Although Eqs. ͑4͒-͑6͒ apply to the one-dimensional case, a two-dimensional unwrapped phase distribution can be achieved by application of these processes horizontally and then vertically. The horizontally unwrapped result from Fig. 4͑a͒ is shown in Fig. 4͑b͒ , and the vertically unwrapped result from Fig. 4͑b͒ is shown in Fig. 4͑c͒ . The wave-front distortion required was 4.1 ͑ ϭ 1.053 m͒ in a peak-to-valley value. The four bright parts of the wave-front distribution shape the four corners of the rectangular Fig. 4 . Retrieved phase distribution for rectangular beam shaping after 429 iterations and a phase unwrapping process: ͑a͒ Retrieved phase distribution with a closed 2 phase jump. ͑b͒ One-dimensional phase unwrapping in the horizontal direction from ͑a͒. ͑c͒ One-dimensional phase unwrapping in the vertical direction from ͑b͒.
beam. The other parts uniformly control the inner intensity distribution of the desired plane. Figure 5 shows the beam pattern before and after wave-front control. The shaped rectangular spot has a normalized intensity nonuniformity of 0.14 in the rms value. We increased the resolution in the far field by adjusting the near-field grid span to confirm whether the spatial resolution in the far field is sufficient for observing a true flat-topped square pattern. When the spatial resolution was increased 2 times to 2.6 m, the rms error was 0.15, and the spot shape also did not change. Neither did the phase distribution in the signal window include any fine structures caused by speckle patterns. From these results the spatial resolution is demonstrated to be sufficient to observe a true flat-topped pattern.
Figures 6͑a͒ and 6͑b͒ show the characteristics of convergent speed and energy-concentration rate of our algorithm in comparison with the G-S algorithm. From the process of the rms error reduction, the convergent property of our algorithm at the beginning of iteration repeats an increasing and decreasing process a few times. This may be caused by spatial filtering of the retrieved phase. The number of iterations required to obtain an allowable rms error, however, is almost the same as that of the G-S algorithm. The energy-concentration rate included in the desired area of 166 m ϫ 166 m was 98%, which is also higher than the 95% of the G-S algorithm. This means that the energy loss caused by a large diffraction angle can be reduced by continuous wavefront control. The small difference of 3% may be important for a high-energy application such as laser fusion or laser material processing. Both algorithms reached the maximum energy-concentration rate within several tens of iterations.
Discussion and Conclusion
We have evaluated the depth of focus of a quasi-farfield square pattern and the dependence of the incident-beam nonuniformities. This analysis is important from a practical point of view since it dictates how precise a focus is needed in applications such as laser fusion. Figure 7 shows the variation of the intensity uniformity indicated with the rms error with respect to the defocused distance. The defocused distances were given in front of and behind the optimized defocused position, which is 500 m away from focus. The rms values with respect to the distance variance of Ϯ100 m from the focus were within 0.3 of the value that is approximately 2 times its designed position. In this region, the rectangular shape of the spot was preserved, even though nonuniformity increased slightly. In regions further from the focus, the rms error increased because of a growing speckle pattern inside the spot. This problem is not serious for applications such as laser fusion because the fine structure of the focused pattern is thermally smoothed by plasma that is generated by the laser.
Investigating the sensitivity of input-beam nonuniformities could also be required for practical applica- tions. The rectangular spot shape when the intensity modulation was included in the input beam was the same as that of the spot pattern ͓see Fig. 5͑b͔͒ without input-beam modulation, as shown in Fig. 8 . The intensity modulation in this calculation was used with that of our laser, the Gekko XII. 12 If an incident beam has higher intensity modulations, it can be smoothed by use of the broad bandwidth of an incident laser, and a near-field pattern with a superGaussian shape can be controlled by use of a soft aperture. The limitations of this scheme strongly depend on the controllable spatial frequency of the deformable mirror. For this algorithm to be feasible for arbitrary and more complex beam shaping, it would be necessary to increase the number of actuators for the deformable mirror to control the higher spatial frequency.
In conclusion, we have presented an algorithm for designing a fully continuous wave-front distribution with a limited spatial frequency for focused beam shaping by a deformable mirror. Two basic concepts of our algorithm are starting with a uniform phase and filtering the spatial frequency of the phase distribution during each iteration. The algorithm has been implemented successfully for transforming a circular beam into a uniform rectangular beam. Good performance of the algorithm has been demonstrated by comparison with the results of the G-S algorithm when started with a randomly distributed phase. For practical cases, beam-shaping optics by means of a deformable mirror are not affected by the lower-order wave-front aberrations included in the laser system because a deformable mirror can control and compensate the wave front simultaneously. We are currently experimenting with beam shaping using a large-aperture deformable mirror. The results are planned for presentation in a later paper. Fig. 6 . Characteristics of ͑a͒ a convergent speed and ͑b͒ an energy-concentration rate of our algorithm in comparison with the G-S algorithm. Fig. 7 . Variation of the intensity uniformity indicated as the rms error with respect to the defocused distance ͑the optimized defocused position is at 500 m͒. Fig. 8 . Rectangular spot pattern when the intensity modulation included in the input beam was almost the same as that of the spot pattern ͓see Fig. 5͑b͔͒ without input-beam modulation. 
